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ASYMPTOTIC BEHAVIOR
OF A FLOW WITH A FREE SURFACE

A. B. Usov UDC 532.526 : 532.516

In the present paper we construct the asymptotics of the solution of the plane problem of flow of a
compressible, viscous fluid with a free surface. In [1-5] this problem is solved under additional assumptions
of fluid incompressibility or stationarity, small flow viscosity, and smallness of tangent stresses. The case of
an arbitrary tangent stress on the free surface of a compressible fluid and the nonstationary boundary layers
arising in this case were not studied. The approach considered here allows one to construct the asymptotics of
the solution at small time values without additional assumptions, with arbitrary tangent and normal stresses
on the free surface. A boundary layer is constructed for stretching the spatial and time variables. We justify
the choice of the stretching parameters and present a method for solving the boundary layer equations.

1. Statement of the Problem. Consider the plane isothermal problem of a compressible viscous
fluid flow occupying the lower half-plane, with a free surface under the action of the given forces. The fluid
flow in fixed Cartesian coordinates z(Oz with center at an arbitrary point on the free surface of the fluid
(Fig. 1) is described by the Navier-Stokes equations and boundary and initial conditions which, following [2;
6, p. 808; 7, p. 156], can be written in dimensionless form (at x4 = const) as
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Here v = (vg, v;) is the fluid particle velocity vector in the coordinates zOz; p is the pressure; p is the density;
F = (Fy, F;) is the vector of external mass forces acting on the fluid; Re is the Reynolds number; M is the
Mach number; D = const > 0; I is a function of the pressure unified in the whole flow; p, is a given function;
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Fig. 1 Fig. 2

T = (Ta,T,) is the vector of external forces acting on the free surface of the fluid I'; n = (nz,n;), 7 = (75, 72)
are the normal and the tangent to I'; { = ((z,t) is the elevation of the free surface. Moreover

*0*I*fp, c=VD=const, v*'=10"/t", M’=(v*)?/S,

where p*, v*, I*, and t* are the characteristic values of density, velocity, length, and time respectively; u is the
dynamical fluid viscosity; c is the local sound propagation speed. Conditions (1.2) are the initial boundary
conditions, (1.3) are the conditions of decay at infinity, (1.4) and (1.5) are the dynamic and kinematic
conditions at the free surface.

The solution of the problem (1.1)-(1.5) depends on two parameters: M and Re. The asymptotics of the
solution is constructed at large Reynolds numbers (Re — o0). As for the Mach number, the following cases
may arise:

the order of M depends on that of Re (at Re — oo0):

M2=0 [(1/VRe)], k#0 at Re— oo; (1.6)
M does not depend on Re:

Re=p

M? = B(1/VRe)’ = B = const. (1.7)

The choice between the cases influences the choice of stretching parameters of the boundary layer, which is
discussed below. In the present work we consider the case of (1.7).

2. Construction of the Functions of the First and the Second Iterative Process. Following
(8], we write the solution as

V=V'4+Vl O=N"+M, p=p+p', p=p"+p", ¢=¢"+, (2.1)
where VO, p%, 1%, ¢°, and p® are the functions of the first iterative process, sought in the form of series
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(¢ = 1/v/Re is a small parameter).

The equations for determining the functions of the first iterative processes are obtained by substituting
series (2.2) into (1.1)-(1.5). In the leading-order approximation we get the Euler equations of an ideal,
incompressible flow.

The functions V!, p!, TI!, ¢!, and p! of the second iterative process are defined in the vicinity of the
free surface. To determine them, we introduce a local orthogonal system of coordinates yO1¢ attached rigidly
to the free surface I' (Fig. 2). As the origin (points O;) an arbitrary point of I' is chosen; y denotes the normal
distance from a point, say A (Fig. 2), to ', and ¢ denotes the curve length along T'. The functions V!, p!,
Y, ¢!, and p! are sought in the form of series

N N N
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(N, N1, N2, N3, Ny are integers).

The vectors V® and V! can also be represented as

N
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The functions o, B, BY, Xk, hk, and g (k =0, 1,2, ..., N) of the boundary layer depend on the stretched
variable

s = y/&-kl (2.5)
and on the “fast” time
T = t/5k2 (26)

(k1, k2 are numbers, k; > 0, ky > 0).

The choice of the stretching parameters (k) and k2) is based on the analysis of the flow equations
written in the local coordinates. To construct the boundary layer it is required that the order of the term
(8*vL/0s%) be not less than that of (8TI'/d¢), (v}, V)v!, and (9v}/8t) at € — 0. Otherwise, to determine the
boundary layer correction terms one will obtain equations of no higher than the first order with respect to s.
Since we have two boundary conditions for the function v;, a contradiction arises that makes the assumption
unacceptable. Substituting the series (2.2)-(2.4) into the equations of motion requires satisfying the following
inequalities (at ¢ — 0):
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that is, respectively,
2—2k1 € ko, 22k < N1—Fky, 2-2k1 € N3, Ny +2-2k; <Ng—k if kz;éo. (2.7)

To preserve the continuity equation in stretched variables it is necessary that the order of the terms (3v3,/5n,9)
and (Ov,/ds) [(OT1'/8t) and (Jv}/0¢), (Ov}/ds) at ky # 0] have an identical order of smallness (at € — 0).
From here we find that

Ny —ky=Ny— ki if kp #0; Ny = Ny — k. (2.8)
We substitute the series (2.2)-(2.4) into the second boundary condition (1.4). In the resulting relation we

expand the functions dependent on the “slow” time t in a Taylor series at ¢ = 0, and see that to satisfy the
boundary condition in the leading-order approximation (at ¢ — 0) the following equation should hold:

0
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ie.,
No=ki + k2 at T, =0; (2.9)
Ny=-2+ki+k at T, #0. (2.10)
The kinematic condition (1.5) implies that
Ny — k2 > min(Ny, Np).

Employing relations (2.7)-(2.10) we obtain the following possible versions of boundary layer stretching:

kp =0, k1 =4/3, N1 =2/3, N3=0, No=-2/3, (2.11)

and also a class of coinciding stretching parameters, which satisfy the relations
ky>2, ky=2k -2, No=-4+4+3k;, Ny =-4+4k, N3=-6+5k; (2.12)
kr=2, k1=2, Ni=4, N3=4, Npy=2. (2.13)

Solutions corresponding to (2.12) obey the same equations and yield the same result after switching to
non-stretched coordinates. In what follows we construct the asymptotics (2.12) and (2.13) and prove their
equivalence at small time values.

3. The Case k; > 2, ko = 2k, — 2. For example, consider a set of stretching parameters:

k=4, k=3, N =8 N;3=9, N;=35.

We substitute (2.2)-(2.4) into the equations of motion, taking into account the results of the first iterative
process. Expanding the functions dependent on ¢ = 7e* and y = se? into the Taylor series t = 0 (y = 0) and
summing up terms of the same order with respect to ¢ yields the boundary layer equations
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y=t=0

Here H; is the Lamé coefficient of the local system of coordinates yOyp: Hy = 1 + yae(p); &(¢) is the free

surface curvature; the functions Ey, E2, E3, and F4 are known from the solutions for k =0,1,2, ..., n — 1.
Substituting the series (2.2)-(2.4) into the boundary and the initial conditions we obtain at &*.

ap=br=0, zl+z2—00, k=0,1,2, ...; (3.3)
ap = b =0, t=20,
[0, k#0, o, k#£0, , (3.4)
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Condition (3.6) involves functions that depend both on the “slow”t = re* and “fast” time 7. Let us split it
into two conditions, one containing only the functions of the “slow” time ¢, and the other containing the rest
of the functions. This results in

3a2_2 2 362_2 (9(12_2 ‘12_2
P = (Tue + 2 —§< PR > y=0; (3.9)
oh 2 (Ogr_o Oh
B2=2—iﬂ—§(—%%l+ aks+1+ hi_ 2>, s=0. (3.10)

The problem is solved by the following algorithm:

(1) The Euler equations are solved under the conditions (3.3), (3.4), (3.8), and (3.9) (k = 0) for
determining po, Io, (o, ao, bo, and po;

(2) The problem (3.1), (3.5), (3.7), (3.8), (3.10) (k = 2, 4) with the conditions of decay at infinity is
used to determine gs, ks, a9, B9, ﬁg, and yo;

(3) The algorithm is repeated from step 1 with k = k + 1.

Now we will turn our attention to the determination of the main terms of the boundary-layer corrections
to the solution. Using Green’s function, we write the solution of (3.1) as

T

2 0T, 4 7 dgs ,
g5 = —— t—(—,)—t-— _Rer-ndn k=g 0/% Rl (- t)4/3) dt, (3.11)

where
R(s,r) = (477/p) "D exp(—s?/(47/p.)) (7 = 3.14159265...). (3.12)

4. The Case k2 = 2, k) = 2. Proceeding as in Section 3 we obtain the problems
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Here Ey (k =1, 2, 3, 4) are known functions. The boundary conditions have the form (3.3)-(3.10).
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Let us prove the equivalence of Eqgs. (3.1), (3.2) and (4.1), (4.2) at small time values (¢ < £*). Employing
the method of [9] we solve the problems (3.1) and (4.1). We make the change of variables

r=s/VT, n=Vr

The solution is sought in the form
95(5790’7—) = GO(T799)+T1G1(T7SO)+"' ) hg(s,tp,r) = HO(T"(P)+TIH1(7'»SO)+"' : (43)

We substitute (4.3) into (3.1). Summing up coefficients of the same order of 71, we have the problem for the
first two nonzero terms of expansions (4.3)
g, TG _ 1 9%G, rdH, 1 0°H,
T2 T p ot PT 279 pl or
Applying the same procedure to problem (4.1) yields exactly Eqs. (4.4). The boundary conditions of the two
problems coincide. Consequently, after switching to the variables y, ¢ the main terms of both asymptotics
(2.12) and (2.13) at small time values [see (4.3)] coincide. Therefore, the two asymptotics are equivalent and
we may confine ourselves only to those of Section 3.
5. Tangent Stress on the Free Surface. In order to illustrate the asymptotic theory developed in
Section 3, consider an initially resting flow under the effect of tangent stress acting on its free boundary. Let

Fr=F,=0 in (1.1),
Tn = 0) Tﬁ" = f(taSQ) in (14)7 (51)
f(0,9) =0, p.=const in (1.2).

(4.4)

Here f is a given function. In compliance with Sections 1-3 the leading terms of asymptotic expansion of the
solution have the form
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t/et

xo(p,t/et) = / 92

0

dr,
8=0
where R is determined from (3.12).

Due to the splitting of the boundary condition (3.6) in (3.9) and (3.10), the functions of the first
iterative process equal zero identically in any approximation. This is where it differs from an incompressible
fluid [5]. The solution of the problem has a boundary-layer nature and reads as

I =Din(Dp,) + I = DIn(Dp.) + €% +e%B10+ ..., V = (vy,0,),
(=eC+e%0+..., vy=v;:58h3+59hg+..., v«,:v;:ssgs-f—esgs—i-....

Figure 3 shows a plot of the tangent component of the velocity vector (function {v}o|) in a fixed point
@ = P, t = t,. Here

1
- E\/PsT
1

The functions v, and II! behave similarly to v}, (exponential decay when moving off the free boundary).

Figure 4 shows the curl of velocity (function [2] = |rot V{) in a fixed point ¢ = ., ¥ = y,. The
vorticity grows exponentially as the time increases. The plots in Figs. 3 and 4 are presented for f(¢,t) = t.

We are unable to apply the methods of [1-5] to develop an asymptotic theory for the problem (1.1)-
(1.5) in the case (5.1). Further assumptions are necessary concerning fluid incompressibility, flow stationarity
or small viscosity, and smallness of tangent stress {f = O (1) at € — 0]. The methods considered in this work
allowed us to present explicit formulas (5.2) for the main terms of asymptotic expansions of the solution at
small ¢, without additional assumptions.

The author thanks Prof. E. N. Potetyunko for formulating the problem and discussing of the results.
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